A Faber-Krahn-type inequality for regular trees

Josef Leydold

University of Economics and Business Administration Department of Applied Statistics and Data Processing A-1090 Vienna, Augasse 2–6 Austria

phone: ∗43/1/31336/4695 e-mail: Josef.Leydold@wu-wien.ac.at

Abstract

We show a Faber-Krahn-type inequality for regular trees with boundary.

1. Introduction

The eigenvectors of the Laplacian Δ on graphs have received little attention compared to the spectrum of this operator (see e.g. [6, 9, 10]) or the eigenfunctions of the “classical” Laplacian differential operator on Riemannian manifolds (e.g. [1, 2]). Recently these eigenvectors seem to become more important. Grover [7] has discovered that the cost function of a number of well-studied combinatorial optimisation problems, e.g. the travelling salesman problem, are eigenvectors of the Laplacian of certain graphs. Thus global properties of such eigenvectors are of interest.

In the last years some results for the Laplacian on manifolds have been shown to hold also for the graph Laplacian, e.g. Courant’s nodal domain theorem ([3, 5]) or Cheeger’s inequality ([4]). In [5] Friedman described the idea of a “graph with boundary” (see below). With this concept he was able to formulate Dirichlet and Neumann eigenvalue problems. He also conjectured another “classical” result for manifolds, the Faber-Krahn theorem, for regular bounded trees with boundary. The Faber-Krahn theorem states that among all bounded domains D ⊂ R^n with fixed volume, a ball has lowest first Dirichlet eigenvalue.

In this paper we want to show such a result for trees. We give restrictive conditions for trees with boundary where the first Dirichlet eigenvalue is minimized for a given “volume”. Amazingly Friedman’s conjecture is false, i.e. in general these trees are not “balls”. But we will show that these are similar to “balls”.

2. Statement of the Result

Let G = (V, E) be an undirected (weighted) graph, with weights^1_{ce} > 0 for each e ∈ E. The Laplacian of G is the matrix

Δ = Δ(G) = D(G) − A(G)

where A(G) is the adjacency matrix of G and D(G) is the diagonal matrix whose entries are the sums of the weights of the edges at the vertices of G, i.e. D_{v,v} = ∑ e=(v,u)∈E 1 c_e . The associated Rayleigh quotient on real-valued functions f on V

is the fraction

R_G(f) = ⟨Δf, f⟩ ⟨f, f⟩ = ∑ (u,v)∈E 1 c_e (f(u) − f(v)) 2 ∑ v∈V (f(v))^2

Notice that in opposite to the Laplacian differential operator on manifolds, Δ(G) is defined as a positive operator.

The geometric realization of G is the metric space G consisting of V and arcs of length c_e glued between u and v for every edge e = (u, v) ∈ E. We define two measures on G (and G). Let μ_1(G) = |V | be the number of vertices of G and μ_2(G) = ∑ e∈E c_e, i.e. the Lebesgue measure of G. Now let S denote the set of all continuous functions on G which are differentiable on G \ V . We introduce a (Laplacian) operator Δ_G on G by the Rayleigh quotient

R_G (f) = ∫ G |∇f|^2dμ_2 ∫ G f^2dμ_1 , f ∈ S The operator Δ_G is the continuous version of the Laplacian Δ on G.

Proposition 1: (see [5]) The Rayleigh quotient R_G (f) is minimized at, and only at, edgewise linear functions f ∈ S, i.e. those functions whose restrictions to each edge are linear. The eigenvalues and eigenfunctions of Δ_G exist and are those of Δ (i.e. the restrictions of the Δ_G eigenfunctions to V are the Laplacian eigenvectors).

On G we can avoid the problems that arise from the discreteness of our situation. Now the (proper) nodal domains of an eigenfunction f of Δ_G are the components of the complement of f^{−1}(0), i.e. of the nodal set of f. Thus analogously to the classical situation (see [2]) f vanishes on the “boundary” of each nodal domain. It makes sense to introduce the Dirichlet eigenvalue problem for graphs with boundary. A graph with boundary is a graph G(V_0 ∪ ∂V, E_0 ∪ ∂E) where each vertex in ∂V (boundary vertex ) has degree 1 (i.e. it is the endpoint of one edge not necessarily of length 1) and each vertex in V_0 (interior vertex ) has degree greater than or equal to 2. Each edge e ∈ E_0 (interior edge) joins two interior vertices, each edge e ∈ ∂E (boundary edge) connects an interior vertex with a boundary vertex. On such a graph we can define the “Dirichlet operator” by restricting f in the Rayleigh quotient R_G (f) to those functions f ∈ S which vanish at all boundary vertices. Then the Dirichlet eigenvalue problem is to find the eigenvalues and eigenfunctions of this operator. Equivalently we can define this Laplacian operator on a graph with boundary by a linear operator that acts on the interior vertices of G only, i.e. on V_0: Δ_0 = D_0 − A_0 where A_0 is the adjacency matrix restricted to V_0 and where D_0 is the diagonal matrix whose entry corresponding to v ∈ V_0 is (note E = E_0 ∪ ∂E)

(D_0)_{v,v} = ∑ e=(v,u)∈E 1 c_e Our goal is to find the eigenvalues and eigenvectors of this Laplacian.

If we now insert new vertices on each point in G where the eigenfunction f vanishes, then the closure of each nodal domain of f is the geometric realization of a graph. The restriction of f to this graph (i.e. the nodal domain) is an eigenfunction to the first Dirichlet eigenvalue of this graph.

Since there is no risk of confusion, we denote the Laplacian on a graph with boundary G simply by Δ = Δ(G). We denote the lowest Dirichlet eigenvalue of G by ν(G). We then have the following properties of Δ.

Proposition 2: (see [5]) Let G be a graph with boundary.

(1) Δ(G) is a positive operator, i.e. ν(G) > 0.

(2) An eigenfunction f to the eigenvalue ν(G) of Δ(G) is either positive or negative on all interior vertices of G.

(3) ν(G) is continuous as a function of G in the metric ρ(G, G^′) = μ_2(G − G^′) + μ_2(G^′ − G).

(4) ν(G) is monotone in G, i.e. if G ⊂ G^′ then ν(G) > ν(G^′). (5) ν(G) is a simple eigenvalue, if G is connected. We refer the reader to [5] for the proofs and for more details.

In this paper we restrict our interest to regular trees with boundary. We get such a graph, when we take the geometric realization of an infinite d-regular tree and cut out a bounded region.

Definition 3:

A d-regular tree with boundary is a tree where all interior edges have length 1 (i.e. weight 1), all boundary edges length ≤ 1, and where all interior vertices have degree d and all boundary vertices degree 1. The set of interior vertices is not empty, i.e. |V_0| ≥ 1.

We say a d-regular tree with boundary G(V, E) fulfills the Faber-Krahn-property, if and only if ν(G) ≤ ν(G^′) for every d-regular tree with boundary G^′ with μ_2(G^′) = μ_2(G).

A ball is d-regular tree with boundary with a center c ∈ G, not necessarily a vertex, and a radius r > 0, such that dist(c, v_0) = r for all boundary vertices v_0 ∈ ∂V . dist(u, v) denotes the geodesic distance between u, v ∈ G. Every tree with the Faber-Krahn-property is “similar” to a ball.

Theorem 1:

Let G(V_0 ∪ ∂V, E_0 ∪ ∂E) be a d-regular tree with the Faber-Krahn-property. Let f be a nonnegative eigenfunction of the first Dirichlet eigenvalue and m a maximum of f, i.e. f(m) ≥ f(v) for all v ∈ V . Then (1) G is connected and (2) |dist(m, u_0) − dist(m, v_0)| ≤ 1, for all boundary vertices u_0, v_0 ∈ ∂V . Now one might conjecture, that every tree with the Faber-Krahn-property is a ball centered at a vertex (see conjecture 4.3 in [5]). But this is not true in general.

Theorem 2:

If a ball G(V_0 ∪ ∂V, E_0 ∪ ∂E) centered at a vertex has the Faber-Krahn-property, then all boundary vertices have length 1 or |V_0| = 1 or degree d = 2.

Theorem 3:

Let G(V_0 ∪ ∂V, E_0 ∪ ∂E) be a d-regular tree with boundary with degree d ≥ 5 which has the Faber-Krahn-property. Then there exists at most one vertex v, so that all boundary edges adjacent to v have length c, for a c ∈ (0, 1). I.e. almost all boundary edges have length 1.

Figure 1 shows the geometric realization of a d-regular tree with boundary that has the Faber-Krahn-property. In this example d = 6 and μ_2(G) = 18. There are 4 interior vertices.

3. Proof of the theorems

In the following we derive properties of trees with the Faber-Krahn property by rearrangements and small perturbations of d-regular graphs. We denote these figure 1: A 6-regular tree with the Faber-Krahn-property

properties by (M1)–(M4). Notice that with this technique we only get necessary conditions for these types of trees.

We can restrict our interest to connected trees.

Proposition 4: (see [5], Theorem 4.4) Every d-regular tree with boundary with the Faber-Krahn-property is connected.

Now we take an arbitrary d-regular tree with boundary. In certain situations it is possible to rearrange the edges of the trees so that ν(G) decreases. Let G(V_0 ∪∂V, E_0 ∪∂E) be a connected d-regular tree with boundary and f a nonnegative eigenfunction to the first Dirichlet eigenvalue ν(G). Let (v_1, u_1), (v_2, u_2) ∈ E edges with lengths c_1 and c_2, respectively, so that u_2 is in the geodesic path from v_1 to v_2, but u_1 is not. Since G is a tree, (v_1, v_2), (u_1, u_2) ∉ E. Thus we can replace edge (v_1, u_1) by edge (v_1, v_2) with length c_2 and edge (v_2, u_2) by edge (u_1, u_2) with length c_1. Denote this new graph by G(V^′, E^′). Since by assumption u_2 is in the geodesic path from v_1 to v_2 and u_1 is not, G(V, E^′) again is a connected d-regular tree with boundary (Figure 2 illustrates the situation). Obviously μ_2(G^′) = μ_2(G).

Lemma 5:

Let G(V, E) be a connected d-regular tree with boundary and f a nonnegative eigenfunction to the first Dirichlet eigenvalue ν(G). Construct a d-regular tree G^′(V, E^′) with boundary as described above.

figure 2 (1) Whenever f(v_1) ≥ f(u_2), f(v_2) ≥ f(u_1) and c_1 ≤ c_2, then ν(G^′) ≤ ν(G). (2) If one of these three inequalities is strict, then ν(G^′) < ν(G).

Proof: To verify (1) it remains to show that δ = ⟨Δ(G^′)f, f⟩ − ⟨Δ(G)f, f⟩ ≤ 0 (5.1) Since we remove and insert two edges we have δ = [_1 c2 (f(v_1) − f(v_2))^2 +^1_{c1} (f(u_1) − f(u_2))^2 ]

− [_1 c1 (f(v_1) − f(u_1))^2 +^1_{c2} (f(v_2) − f(u_2))^2 ] = (^1_{c1} −^1_{c2} ≥_0 )(f(u_2)^2 − f(v_1)^2 ≤0 ) + 2(^1_{c1} f(u_1) −^1_{c2} f(v_2) ≤0 )(f(v_1) − f(u_2) ≥0 ) ≤ 0

The third factor is nonpositive because c_1 = 1 or f(u_1) = 0 and c_2 = 1 or f(v_2) = 0 and c_1 ≤ c_2 (If c_1 < 1 then u_1 is a boundary vertex.).

To prove (2) notice that ν(G^′) = ν(G) if δ = 0 in (5.1) and f is an eigenfunction to ν(G^′) on G^′, since ν(G^′) is simple (proposition 2). Therefore if ν(G^′) = ν(G) we find

ν(G)f(v_1) = Δ(G)f(v_1) = ∑ w∼v1, w≠u1 1 c_e (f(v1) − f(w)) + 1 c1 (f(v_1) − f(u_1))

= ν(G^′)f(v_1) = Δ(G^′)f(v_1) = ∑ w∼v1, v1≠v2 1 c_e (f(v1) − f(w)) + 1 c2 (f(v_1) − f(v_2))

Thus 1 c1 (f(v_1) − f(u_1)) =^1_{c2} (f(v_1) − f(v_2)) and f(v_1)(^1_{c1} −^1_{c2} ≥_0 ) =^1_{c1} f(u_1) −^1_{c2} f(v_2) ≤0 Since v_1 ∈ V_0, f(v_1) > 0 by proposition 2. Hence c_1 = c_2 and f(u_1) = f(v_2). Using this result we analogously derive from Δ(G)f(u_1) = Δ(G^′)f(u_1), f(v_1) = f(u_2). Thus the proposition follows.

Now we take an arbitrary d-regular tree with boundary G. Then we can rearrange its edges without increasing the lowest Dirichlet eigenvalue such that the resulting graph is similar to a ball.

Lemma 6:

Let G(V_0 ∪ ∂V, E_0 ∪ ∂E) be a connected d-regular tree with boundary. Let f be a nonnegative eigenfunction to the first Dirichlet eigenvalue ν(G). We denote a maximum of f by m, i.e. f(m) ≥ f(v) for all v ∈ V . Then by rearranging edges we can construct a d-regular tree with boundary G^′(V, E^′) with properties (1) μ_2(G^′) = μ_2(G). (2) ν(G^′) ≤ ν(G).

(M1) |dist(m, u_0) − dist(m, v_0)| ≤ 1 for all boundary vertices u_0, v_0 ∈ ∂V of G^′. (M2) f(u) ≤ f(v) if dist(m, u) > dist(m, v), for all interior vertices u, v ∈ V_0. (M3) f(u_1) ≤ f(u_2) if f(v_1) < f(v_2) for all edges (u_1, v_1), (u_2, v_2) ∈ E^′.

Proof: We construct this graph G^′ by rearranging the edges of G. This rearrangement will be done by moving pairs of edges stepwise. We start at vertex v_1 = m, a maximum of f. Let W_1 = {v_1} and G_1(V, E_1) = G(V, E). In the first step we denote a maximum of f in V \W_1 by v_2. Let W_2 = W_1 ∪{v_2}. If v_2 is adjacent to v_1 we have nothing to do. Otherwise there are vertices u_1, u_2 ∉ W_2 with (v_1, u_1), (v_2, u_2) ∈ E_1 and (v_1, v_2), (u_1, u_2) ∉ E_1, since G is a tree. Moreover we can choose these vertices so that either u_1 or u_2 is in the geodesic path from v_1 to v_2. (Figure 3 illustrates the situation. Two cases are possible.) We replace the edges (v_1, u_1) and (v_2, u_2) by (v_1, v_2) and (u_1, u_2). If either (v_1, u_1) or (v_2, u_2) is a boundary edge, then let (u_1, u_2) be a boundary edge of same length. We denote the resulting graph by G_2(V, E_2). Since f(v_1) ≥ f(v_2) ≥ f(u_1), f(u_2) we can apply lemma 5 and hence μ_2(G_2) = μ_2(G_1) and ν(G_2) ≤ ν(G_1). In the next step, let v_3 denote a maximum of f in V \ W_2. Analogously to the first step we connect v_1 and v_3 by an edge. We get a d-regular tree with boundary G_3(V, E_3), with μ_2(G_3) = μ_2(G_2) and ν(G_3) ≤ ν(G_2). In this way we arrive at a d-regular tree with boundary G_{k1} (V, E_{k1} ), where W_{k1} contains v_1 and all its adjacent vertices. Furthermore for each vertex v ∈ W_{k1} and every u ∉ W_{k1} , f(v) ≥ f(u). Next we do the same with v_2, i.e. we connect v_2 and v_{k1+1}, where v_{k1+1} is a figure 3

maximum of f in V \ W_{k1} . Then we connect v_2 with v_{k1+2}, and so on, until all vertices, that are adjacent to v_2, are in a W_k. Then we continue with v_3, v_4 and all the other vertices adjacent to v_1. We arrive at a graph G_{k2} , where dist(m, v) ≤ 2 if and only if v ∈ W_{k2} and where for each vertex v ∈ W_{k2} and each u ∉ W_{k2} , f(v) ≥ f(u). In the same way we continue until only boundary vertices remain in V \ W_{ki} . At last we exchange boundary edges until f(v) ≥ f(u) is satisfied whenever boundary edge (v, v_0) is longer than boundary edge (u, u_0) and until (M1) holds. Again we can apply lemma 5 (Now u_1 and v_2 are boundary vertices).

We finish with a d-regular tree with boundary G^′(V, E^′). (1) and (2) holds for each single step by lemma A1. Properties (M1), (M2) and (M3) are satisfied by construction, as claimed.

We also can decrease the lowest Dirichlet eigenvalue ν(G) when we change the length of the boundary edges in such a way, that the normal derivative of the eigenfunction to ν(G) at all boundary edges becomes the same (except at boundary edges of length 1). The normal derivative of f at a boundary edge (v, v_0) ∈ ∂E of length c_e is given by^{f(v)}_{ce} .

Lemma 7:

Let G(V, E_0∪∂E) be a connected d-regular tree with boundary and f a nonnegative eigenfunction to the first Dirichlet eigenvalue ν(G). By changing the length of boundary edges we can construct a d-regular tree with boundary G^′(V, E_0 ∪ ∂E^′) which has the properties

(1) μ_2(G^′) = μ_2(G).

(2) ν(G^′) ≤ ν(G).

(M4) The normal derivative of f at all boundary edges of length c^′_e < 1 is the same. It is less than or equal to the normal derivative at each boundary edge of length c^′_e = 1. Moreover all boundary edges at the same interior vertex have the same length.

(3) Equality in (2) holds if and only if G and f already fulfill property (M4).

Proof: The normal derivative of f at the boundary edge e_j = (v_j , u_j ) ∈ ∂E of length c_j = c_{ej} is^{f(vj )}_{cj} (v_j ∈ V_0). Now take n boundary edges of G. The “average” normal derivative is given by ∑_n j=1 f(v_j ) ∑_n j=1 c_j We replace each of these n edges e_j by edges ē_j of length c̄_j , where each c̄_j satisfies

f(v_j ) c̄_j = ∑_n i=1 f(v_i) ∑_n i=1 c_i ⇔ c̄_j = f(v_j ) ∑_n i=1 c_i ∑_n i=1 f(v_i)

(7.1)

Then we have_n ∑ j=1 c̄_j = n∑ j=1 f(v_j ) ∑_n i=1 c_i ∑_n i=1 f(v_i) = n∑ i=1 c_i i.e. μ_2(Ḡ) = μ_2(G).

Next notice that by (7.1) n∑ j=1 f(v_j )^2 c̄_j = n∑ j=1 f(v_j ) ∑_n i=1 f(v_i) ∑_n i=1 c_i = ( ∑_n i=1 f(v_i))^2 ∑_n i=1 c_i ≤ n∑ i=1 f(v_i)^2 c_i (7.2)

The last inequality follows from inequality 65 in [8], where equality holds if and only if^{f(vi )}_{ci} does not depend on i. Hence ⟨Δ(Ḡ)f, f⟩ ≤ ⟨Δ(G)f, f⟩.

It may happen, that c̄_j > 1 for a j. Thus Ḡ is not a d-regular tree. For that reason we replace the edges e_j by edges e_j (ε) of length c_j(ε) = (1 − ε)c_j + ε c̄_j , where ε ∈ [0, 1]. Denote the resulting graph by G(ε). Then again μ_2(G(ε)) = μ_2(G). Furthermore inequality_n ∑ j=1 f(v_j )^2 c_j(ε) ≤ n∑ j=1 f(v_j )^2 c_j (7.3) holds for all ε ∈ [0, 1], since the left hand side of (7.3) is convex in ε and (7.3) is valid for ε = 0 and ε = 1. Hence ⟨Δ(G(ε))f, f⟩ ≤ ⟨Δ(G)f, f⟩ and thus ν(G(ε)) ≤ ν(G). If ε is sufficiently small, then c_j(ε) ≤ 1 for all j, i.e. G(ε) is a d-regular tree. Now take all boundary edges of G. Construct a graph G_1(ε_1) as described above with ε_1 ∈ [0, 1] as great as possible. Then we find ε_1 = 1 or at least one of the boundary edges c_j (ε_1) has length 1. In the latter case take all boundary edges of G_1(ε_1) of length less than 1 and construct a graph G_2(ε_2). Continue until the first time ε_k = 1 occurs.

Let G^′ = G_k(ε_k). Then G^′ is a d-regular tree with boundary which satisfies properties (1), (2) and (M4) by construction. Equality in (7.2) holds if and only if the normal derivative^{f(vi )}_{ci} does not depend on i. Thus (3) follows.

Yet we have shown methods for decreasing the first Dirichlet eigenvalue ν(G). Now we prove that on the other side all trees with the Faber-Krahn-property satisfy (M1)–(M4).

Lemma 8:

Let G(V_0 ∪∂V, E_0 ∪∂E) be a tree with boundary and f a nonnegative eigenfunction to ν(G). If G has the Faber-Krahn-property then G and f satisfy properties (M1)- (M4).

Proof: Property (M4) holds by lemma 7.

If (M3) does not hold, then there exist two edges (v_1, u_1), (u_2, v_2) ∈ E where f(u_1) < f(v_2) and f(v_1) > f(u_2). Replacing these edges by (v_1, v_2), (u_1, u_2) we get a graph G^′ with ν(G^′) < ν(G) by lemma 5, a contradiction. Suppose (M2) does not hold. By applying the rearrangement steps of lemma 6 we get a sequence of d-regular trees G_i with boundary. All these trees have the Faber-Krahn-property and hence ν(G_i) = ν(G_{i+1}) for each step. Moreover f is an eigenfunction to the first Dirichlet eigenvalue for all i, since f is simple (proposition 2). By lemma 6 there is a k such that (M2) is satisfied for G_{k+1} but not for G_k. In the rearrangement step we then replace the edges (v_1, u_1), (v_2, u_2) ∈ E_k by (v_1, v_2), (u_1, u_2), where f(u_1) > f(v_2), dist(m, u_1) > dist(m, v_2) in G_k and dist(m, u_1) ≤ dist(m, v_2) in G_{k+1}. Thus ν(G_{k+1}) < ν(G_k) by lemma 5, a contradiction.

Now suppose (M1) fails. Again can construct sequence of trees G_i as described above. For every G_i (M2) holds, since every tree has the Faber-Krahn-property.

Moreover there is a k such that (M1) is satisfied for G_{k+1} but not for G_k. For all boundary edges e_1 = (v_1, w_1), e_2 = (v_2, w_2) ∈ ∂E_i, w_i ∈ ∂V , with dist(m, v_1) < dist(m, w_1) ≤ dist(m, w_2) < dist(m, v_2) we have by (M2) and (M4) c_{e1} ≥ c_{e2} . Thus in G_k edges e_1 = (v_1, u_1) ∈ ∂E and e_2 = (u_2, v_2) ∈ E_0 with dist(m, v_1) < dist(m, u_1) ≤ dist(m, u_2) < dist(m, u_2) + 1 = dist(m, v_2) exist, since (M1) is not satisfied (see figure 4).

figure 4

For the rearrangement step from G_k to G_{k+1} we have to replace these edges (v_1, u_1), (v_2, u_2) by the edges (v_1, v_2) and (u_1, u_2). Moreover f(v_1) ≥ f(v_2) ≥ f(u_2) ≥ f(u_1) = 0 (Otherwise we had not replaced these edges, see proof of lemma 6). Thus by lemma 5, f(v_1) = f(v_2) = f(u_2) = f(u_1) = 0, a contradiction to proposition 2.

Proof of theorem 1: Immediately from proposition 4 and lemma 8.

For the case ν(G) > 1 we are able to decrease the Rayleigh quotient again by making long boundary edges longer and short boundary edges shorter. For this purpose we need some information about ν(G).

Proposition 9: (see [5]) Let G be a d-regular tree with boundary. Then ν(G) > d − 2 √ d − 1

Lemma 10:

If G consists of exactly two interior vertices and if all 2(d − 1) boundary edges of G have length 1, then ν(G) = d − 1.

Proof: ν(G) is the smallest eigenvalue of ( d −1 −1 d ) .

Lemma 11:

Let G(V_0 ∪ ∂V, E_0 ∪ ∂E) be a connected d-regular tree with boundary, d ≥ 5 and f a nonnegative function on G that satisfies the properties (M1)–(M4). If there exist two boundary edges of length less than 1 which have no common vertices, then we can construct a d-regular tree with boundary G^′(V_0 ∪ ∂V, E_0 ∪ ∂E^′) which satisfies (1) μ_2(G^′) = μ_2(G) (2) ν(G^′) < ν(G)

Proof: Assume there exist two such edges. Then by (M4) there are n_1 boundary edges (v_1, u_{1i}) of length c_1 < 1 and n_2 boundary edges (v_2, u_{2i}) of length c_2 < 1 where v_1 ≠ v_2 ∈ V_0. Let 0 < c_1 ≤ c_2 < 1. Without loss assume f(v_1) = c_1 and f(v_2) = c_2. Let (v_1, w_1), (v_2, w_2) ∈ E_0 be interior edges. By property (M3) f(w_1) ≤ f(w_2). (If f(v_1) = f(v_2) and f(w_1) > f(w_2) we change the rôle of v_1 and v_2.) We always can choose v_1, v_2, w_1 and w_2 so that one of the following holds (n_i = d − 1 means all but one edge at v_i are boundary edges): (a) n_1 = n_2 = d − 1 and (v_1, v_2) ∉ E (b) n_1 = d − 1, n_2 = d − 2 and w_1 = v_2 and w_2 ≠ v_1 (c) n_1 = n_2 = d − 1 and |V_0| = 2 To prove our result, we construct a new graph for the cases (a) and (c), and show that (b) can be avoided.

For case (a) we define for ε ∈ (0, c_1)∩(0, 1−c_2] a function f_ε by f_ε(v_1) = f(v_1)−ε, f_ε(v_2) = f(v_2) + ε and f_ε(v) = f(v) otherwise. We replace edges (v_1, u_{1i}) and (v_2, u_{2i}) by (v_1, u_{1i}(ε)) and (v_2, u_{2i}(ε)) of lengths c_1(ε) = c_1 − ε and c_2(ε) = c_2 + ε. Denote the resulting graph by G(ε). Obviously G(ε) is a d-regular graph with boundary and (1) holds.

Notice that 0 < f(v_1) = c_1 ≤ f(v_2) = c_2 and 0 < f(w_1) ≤ f(w_2). Then we find ⟨f_ε, f_ε⟩ = ∑ v≠v1,v2 f^2(v) + (f(v_1) − ε)^2 + (f(v_2) + ε)^2

= ⟨f, f⟩ + 2 ε(f(v_2) − f(v_1)) + ε^2. and ⟨Δ(G(ε))f_ε, f_ε⟩ = ∑ e=(u,v)∈E 1 c_e (f_ε(u) − f_ε(v))^2

= ∑ (u,v)∈E u,v∉{v_1,v_2} 1 c_e (f(v) − f(u))^2

+ (f(w_1) − (f(v_1) − ε))^2 + (f(w_2) − (f(v_2) + ε))^2 + d−1∑ i=1 1 c_1 − ε

(f(v_1) − ε)^2 = ∑_{f (v1)2c} 1 −(d−1)ε + d−1∑ i=1 1 c_2 + ε

(f(v_2) + ε)^2 = ∑_{f (v2)2c} 2 +(d−1)ε =⟨Δ(G)f, f⟩ + 2 ε(f(v_2 ) − f(v_1)) + 2 ε(f(w_1) − f(w_2)) + 2 ε^2 ≤⟨Δ(G)f, f⟩ + 2 ε(f(v_2 ) − f(v_1)) + 2 ε^2

To verify (2) we have to show that

⟨Δ(G)f, f⟩ + 2 ε(f(v_2 ) − f(v_1)) + 2 ε^2 ⟨f, f⟩ + 2 ε(f(v_2) − f(v_1)) + 2 ε^2 < ⟨Δ(G)f, f⟩ ⟨f, f⟩ Using the fact that ν(G) ≤^{⟨Δ(G)f,f⟩}_{⟨f,f⟩} and that for any positive numbers x, y, a, b > 0, x + a y + b < x y ⇔ a b < x y , it remains to show that

2 ε(f(v_2 ) − f(v_1)) + 2 ε^2 2 ε(f(v_2 ) − f(v_1)) + 2 ε^2

= 1 < ν(G)

But this immediately follows from proposition 9 for d ≥ 5.

If |V_0| = 2 (case(c)), then we have (f(v_i ) = c_i) ⟨Δ(G(ε))f_ε , f_ε⟩ = d − 1 c_1 − ε

(f(v_1) − ε)^2 + d − 1 c_2 + ε

(f(v_2) + ε)^2 + ((f(v_1) − ε) − (f(v_2) + ε))^2 =⟨Δ(G)f, f⟩ + 4ε(f(v_2) − f(v_1)) + 4ε^2

Again it remains to show that 4ε(f(v_2) − f(v_1)) + 4ε^2 2ε(f(v_2) − f(v_1)) + 2ε^2

= 2 < ν(G)

Since |V_0| = 2, G is contained in a graph G^′ with exactly two interior vertices where all boundary edges have length 1. Hence ν(G) > ν(G^′) = d−1 by lemma 10. Thus (2) holds.

Now let w_1 = v_2 and w_2 ≠ v_1 (case(b)). Since f is an eigenfunction we have

((d − 1)^1_{c1} f(v_1) + f(v_1)) − f(w_1) = ν(G)f(v_1)

Notice that f(v_1) = c_1 > 0 and f(w_1) = f(v_2) = c_2 < 1 Since f(v_1) = c_1 < 1 and f(v_2) = c_2 < 1, we arrive at

(d − 1) = (ν(G) − 1)c_1 + c_2 < ν(G)

Then G cannot contain a graph G^′ with two interior vertices where all boundary edges have length 1 by proposition 2 and lemma 10. But then we either have situation (a) or situation (c). This finishes the proof.

Proof of theorem 3: Immediately from lemmata 8 and 11.

For the proof of our last theorem we have to calculate the lowest Dirichlet eigenvalue for balls with a given radius. Lemma 12:

Let G(V_0 ∪ ∂V, E_0 ∪ ∂E) be a ball with radius ϱ = k_ϱ − 1 + c and center p ∈ V . Then ν(G) is the lowest root of (d − ν)f_{kϱ} − d f_{kϱ −1} = 0, if ϱ > 1, where f_1 = c, f_2 = (d − 1) + (1 − ν)c and f_i = (d − ν)f_{i−1} − (d − 1)f_{i−2} for all i ≥ 3. If ϱ ≤ 1, then ν(G) =^d_c .

Proof: Since ν(G) is simple, f(v) only depends on dist(p, v). Let v_k ∈ V denote a vertex with dist(v_k, ∂V ) = (k −1)+c. Without loss we can assume f(v_1) = c = f_1. Since f is an eigenfunction to ν(G) we then find f(v_2) = f_2 = (d − 1) + (1 − ν)c, f(v_3) = (d − ν)f_2 − (d − 1)f_1, and so on (see [5], pp.501–502). Thus f(p) = f_{kϱ} and f(v) = f_{kϱ −1} for all vertices v ∈ V_0 adjacent to p. Hence the result follows.

Proof of theorem 2: The statement is trivial if d = 2. If |V_0| = 1 or d ≥ 5, then it holds by lemma 7 and theorem 3, respectively.

Now assume d = 3 or d = 4. Let G be a ball centered a vertex m and let f be a nonnegative eigenfunction to ν(G). Then f(v) only depends on dist(m, v). Let the length of all boundary edges be c ∈ (0, 1), i.e. the length of the boundary length is less than 1. Without loss we assume that f(v) = c for all vertices adjacent to boundary vertices. Now take two branches B_1 and B_2 rooted at m. Define for a sufficiently small ε > 0 a function f_ε by f_ε(v_1) = f(v_1) + ε for all v_1 ∈ B_1, f_ε(v_2) = f(v_2) + ε for all v_2 ∈ B_2, f_ε(m) = f(m) and f_ε(v) = f(v) otherwise. Replace all boundary edges in B_1 by boundary edges of length c(ε) = c + ε and all boundary edges in B_2 by boundary edges of length c(ε) = c − ε. Denote the resulting graph by G(ε). For sufficiently small ε, G(ε) is a d-regular tree with boundary. Then analogously to the proof of lemma 11 we find ⟨f_ε, f_ε⟩ = ⟨f, f⟩ + |V_B|ε^2 where |V_B| is the number of interior vertices (except root m) in both branches. Notice that we can map the vertices v_1 ∈ B_1 to vertices v_2 ∈ B_2 one-to-one, so that f(v_1) = f(v_2). Similarly ⟨Δ(G(ε))f_ε, f_ε⟩ = ⟨Δ(G)f, f⟩ + 2ε^2 Hence it remains to show that ⟨Δ(G(ε))f_ε, f_ε⟩ ⟨f_ε, f_ε⟩ = ⟨Δ(G)f, f⟩ + 2ε^2 ⟨f, f⟩ + |V_B|ε^2 < ν(G) or equivalently 2 |V_B| < ν(G) ⇔ ν(G) · |V_B| > 2 If G is not contained in a ball of radius 3, then |V_B| ≥ 2d^2 − 2d + 2. Thus by proposition 9 ν(G) · |V_B| > (d − 2 √ d − 1) · (2d^2 − 2d + 2) > 2 for d = 3 and d = 4.

If G is contained in a ball K of radius 2, then |V_B| = 2 and by proposition 2 and lemma 12 ν(G) > ν(K) = d − √ d. If G is contained in a ball K of radius 3 we find |V_B| = 2d and ν(G) > ν(K) = d − √ 2d − 1. In both cases we find for d = 3 and d = 4, ν(G) · |V_B | > 2, as claimed.

Acknowledgement

The author is grateful for useful conversations with Thomas Hoffmann-Ostenhof, Peter Stadler, Michael Hauser and William Martin.

References

[1] I. Chavel. Eigenvalues in Riemannian Geometry. Academic Press, Orlando Fl., 1984.

[2] S. Y. Cheng. Eigenfunctions and nodal sets. Comment. Math. Helvetici, 51:43–55, 1976.

[3] Y. C. de Verdière. Multiplicités des valeurs propres laplaciens discrets et laplaciens continus. Rend. di Matematica, Series VII, 13:433–460, 1993.

[4] Y. C. de Verdière. Le trou spectral des graph et leurs properiétés d’expansion.

Séminaire de théorie spectrale et géometrie, pages 51–68, 1993–1994.

[5] J. Friedman. Some geometric aspects of graphs and their eigenfunctions. Duke Math. J., 69(3):487–525, 1993.

[6] R. Grone, R. Merris, and V. Sunder. The laplacian spectrum of a graph.

SIAM J. Matrix Anal. Appl., 11:218–238, 1990.

[7] L. Grover. Local search and the local structure of NP-complete problems.

Oper.Res.Lett., 12:235–243, 1992.

[8] G. H. Hardy, J. E. Littlewood, and G. Pólya. Inequalities. Cambridge University Press, 2nd edition, 1952.

[9] B. Mohar. The laplacian spectrum of graphs. In Y. Alavi, G. Chartrand, O. Ollermann, and A. Schwenk, editors, Graph Theory, Combinatorics, and Applications, pages 871–898, New York, 1991. John Wiley and Sons, Inc.

[10] B. Mohar and S. Poljak. Eigenvalues in combinatorial optimization. In R. Brualdi, S. Friedland, and V. Klee, editors, Combinatorial and Graph-Theoretical Problems in Linear Algebra, volume 50 of IMA Volumes in Mathematics and Its Applications, pages 107–151, Berlin, 1993. Springer-Verlag.